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Abstract 

Real and complex norms of a linear operator acting on a normed complexified 
space are considered. Bounds on the ratio of these norms are given. The real 
and complex norms are shown to coincide for four classes of operators: 

1. real linear operators from L p (j-i\) to L q (n 2 ), 1 < p < q < 00 ; 

2. real linear operators between inner product spaces; 

3. nonnegative linear operators acting between complexified function spaces 
with absolute and monotonic norms; 

4. real linear operators from a complexified function space with a norm satis¬ 
fying ||Kx|| < ||x|| to Loo(/i). 

The inequality p < q in Case 1 is shown to be sharp. 

A class of norm extensions from a real vector space to its complexification is 
constructed that preserve operator norms. 


1 Introduction 

By a normed complexified vector space we mean a triple (X, X®, || • || A -), where 

• X and Xr are vector spaces over C and K, respectively; 

• X is the algebraic complexification of X R , i.e. each xEX can be uniquely written 

in the form x = X\ + ix 2 with aq, x 2 € X K , we set aq := x 2 := ^sx ; 
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• the function || ■ ||x : X —> [0, oo) is a norm on the complex vector space A", in 
particular ||A:r||x = |A| ||;c||x for all AgC, 


Let (X, X K , || • ||x) be a normed complexified space, let (Y, || • ||y) be a normed vector 
space over C, and A : X —> Y be a C-linear operator. Then two operator norms 
of A with respect to the norms || • ||x, || • ||y can be defined depending on whether 
the supremum of the quotient ||>lx||y/||x||x is taken over all x G X \ {0} or over all 
x G Ar \ {0}. We distinguish these norms by a superscript C and M respectively, i.e. 
we set 


\\ a \\x,y'-= su P 

kgx\{0} 


||Ac||y 



\\ A \\ “y : = sup 

sG.YjjyjO} 


||Ar||y 
\\x\\ x ' 


The case that the suprema are infinity is not excluded. Obviously, ||A||® Y < Pllly 
In this note we address the question how large the ratio of these operator norms 
can be and under which conditions they coincide. Our main interest is in the case that 
Y is the algebraic complexification of a real vector space 1® and A is a real operator, 
i.e., A(X ffi ) C Ijg. We discuss the above-mentioned question in detail for inner product 
spaces and the Banach spaces L p (p) = L ¥ p {Vt,B, p), where p G [1, oo], p is a positive 
measure on a a-algebra B of subsets of the set O and 


L ¥ (p) = { x : Q —> F | x is Immeasurable, ||x|| p < oo }, F = 1 or C, 


x 


l<p<oo, 

esssup ten |z(t)|, p = oo. 


Recall that this definition includes as special cases the finite- and infinite-dimensional 
l p spaces. They correspond to 0 = {1,... ,n} or 0 = N and the counting measure p 
satisfying yu({t}) = 1 for all fGfh The associated norms are 


x 


(Er e o \ x t\ p ) 1/p , i<p<oo , 

suPtenM; P = oo, 


where x — [x\... xJ'eC" orx= (xj)j e ^ G l p . 

Bounds on the ratio ||^4 ||a' y/ll^llxy are discussed in Section [3 We show that 
it is bounded by 2 whenever the norm on the source space satisfies the condition 
11 Rt 11 < ||x||. Tighter bounds are derived for a linear map acting on L p (p). If both the 
source and the target are inner product spaces, the ratio is shown to be bounded by 

V2. 


Section 01 is devoted to classes of operators for which the real and the complex 
norms coincide. The main result of that section, and of the paper, Theorem IT 1 1 shows 
that the norms are equal for all real linear maps from L p {ji\) to L g (/r 2 ), provided that 
1 < p < q < oo. We discuss three more classes of linear operators whose real and 
complex norms are equal at the end of Section |3 

The goal of Section 0 is to show that the main result of the paper cannot be 
improved, that is, to describe counterexamples to Theorem Id . 11 in the case p < q 
(1 <P,q< oo). 

Perhaps the simplest example that shows that the real and complex norms of a real 


linear map may be different can be found already in C 2 . Let A 


1 -1 

1 1 


. Then, 


for every x = [aq aqj'GC 2 \ {0}, 


||Ax||i _ \xi - x 2 \ + \xi + x 2 

Ill'll OO max{|aq|, |x 2 |} 
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It can be checked by straightforward calculation 0 that P||® = 2 but Pp , = 

|1 — *| + |1 + = 2y / 2- It turns out that a finite-dimensional variation on this example 

covers the whole range p < q, as discussed in detail in Section El 

Finally, in Section Owe construct a class of norm extensions from a real space to 
its complexihcation that preserve operator norm. 


2 Bounds for PllpVPIll.r 

In this section we give simple bounds for the ratio PHxy/PlIxy- 

Proposition 2.1 Let (A, A R , || ■ |p) be a normed complexified space. Then for any 
normed space (Y, || ■ ||y) and any linear operator A : X —> Y, 

U\\%Y < C X \\A\\\ y , ( 1 ) 


where 


cx '■= sup 

0^x£X 



(a) Suppose || ■ \\x satisfies 


113?x11 x < Ikllx f° r ad xEX. 


( 2 ) 


Then cx < 2. 

(6) Suppose the space X R is endowed with an inner product (-, •) :X R x X R —> M. Let 
|| ■ \\x be the norm induced by the complexification of this inner product, i.e. , 

||:r|| 2 X = (3fcc, Jhr) + (5sx,$sx) for all sGX. (3) 


Then cx = 

Proof: For all xEX, we have 


|pz||y = 

< 


< 


|p9fcc + i AQp|y 
|p 9fcr||y + ||i A 3tc||y 
|p 3Ffcr||y + |P Sa;||y 
Pllx,y(II^IU+|px|U). 


Thus 

|pgr||y 

IPILv 

This gives inequality ©• 
(a). Condition m yields 


x,v 




\\x\\x 


||9fa|p + |px||.Y = ||5Rx|p + ||3f?(fa;)||x < |p|p + |p||x = 2||x||x- 


Thus cx < 2. 

( b ). Relation (J3J) implies that pip = ||5Rx||^ + ||3fx||^ > (l/2)(||9ffa||x + IP^ILv) 2 
for all x G A". Thus cx < \/2. Let x — (1 + i)x o with xq G A r . Then ||x||x = 
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□ 


V2mx\\x + ||3fx||x)- Thus ex > \/2. 


A norm || ■ ||x is said to be conjugation-invariant if ||a;||x = IMIx for all 16 X, where 
x := -Rx — iTsx. It is easily seen that a conjugation-invariant norm satisfies condition (ED- 
We thus have the following corollary. 

Corollary 2.2 If || • || x is conjugation-invariant then c\ <2. 

We give a simple example of a norm that is not conjugation-invariant. It also shows 
that the constant Cx can be arbitrarily large. Let r > 0 and define 

IMU = r\xt + ix 2 \ + |x 2 | for all x = [x\ x 2 ]' Gl := C 2 . 

For x = [1 i]' we have ||x||x = 1 and ||Rx||_y = t. Thus cx > r. 


In order to determine the constant Cx for the L p -spaces we need Jensen’s inequality 
in the following form. 


Lemma 2.3 (JFensen’s inequality) Let (f2, B , p) be a measure space. Let n : [0, oo) —> 
M be a convex function. Let /, wEL^(p) be nonnegative functions with f n w(t) dyi t = 1. 
Then 

[ f(t) w(t) dnt \ < [ K(f{t))w{t)d(it. 


Proof: For the special case p(Ll) = 1 and w(t) = 1 the proof can be found in t 7 s The¬ 
orem 3.3]. To obtain the full statement define a measure fi on B by p,(B) := f R w(t ) dp t . 
Then /2(fi) = 1 and f Q f{t ) dfi t = f Q f(t ) w(t) dp t for all nonnegative measurable func¬ 
tions / t.tl Theorem 1.29]. Thus the result follows from the special case. □ 


To each measurable function x : fl —> C we associate a phase function <p x : fl —> [— n, ti\ 
defined by 


■ j 2 arctan(- . = ) 


fRx(t)+-\/ (SRx(t)) 2 +(9fx(t)) 2 ‘ 


7sx(t) = 0 , 
otherwise. 


Rx(f) < 0, 


Then <f> x is a measurable function, and, by elementary trigonometry, x{t) = e l ^ >x i t ' > \x(t)\ 
for all t £ O. 

The proposition below gives the constants Cx for the L p -spaces. 


Proposition 2.4 Let x£ L p (0, B, pi) \ {0} where (f l,B,p) is any measure space. Then 


IM| P + 




v/2 

2 1 -i/p 

2 


*/ 1 < P < 2, 
if 2 < p < oo, 
if p = oo. 


(4) 


In the first case equality holds if dix = Tsx. In the second and the third case equality 
holds if ||Rx|| p = H^xllp and (Rx(t))(Ax(f)) = 0 for almost all £efL 
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Proof: We only show the estimate (ED- The proof of other statements is left to the 
reader. The case p — oo is covered by case (a) of Proposition 12.11 Let 1 < p < 2. 
Then the function 0 < f i—> £ 2//p is convex. Let w(t) = \x[t)\ p / f Q \x(t)\ p dp T . Then 
J n w(t)dpt = 1- Applying Jensen’s inequality, we obtain 


||3fa|| 2 + \\$fx 


C*~||2 


\X\ 




\ 2/p 

cos((t) x (t))\ p w(t) dp t \ + 


\ 2/P 

sin(0 x (t))| p u;(t) dp t I 




£ l 
= 1. 


cos(<f> x (t))\ 2 w(t) dp t + / | sm(<f> x (t))\ 2 w(t) dp t 


Thus, ||9fcc|| p + H^llp < y/2 < x/2 ||x||p. 

Let 2 < p < oo. Then ( a p + b p ) 1 / p < ( a 2 + 6 2 ) 1 / 2 for any a,b > 0. This implies 
|Jbr(t)| p + |A:r(t)| p < \x(t)\ p for all t e SI. Consequently, ||3fLr|| p + ||Q/r|| p < ||x|| p . By 
convexity, we also have (|||3?x|| p + |||Q/c||p) P < | (||JLc|| p + ||Ax|| p ) . Combining the 
last two inequalities, we obtain 


|| Jhr||p 


I Ssx\ 


< 2 1 “ 1/p (||Kx|| p + |M| p ) Vp < 2 1 - 1/p ||a:| 


p- 


□ 


3 Cases of equality ||A||§-y = ||A||j|y 

We hrst state the main result of this paper. 

Theorem 3.1 Let (f4, Bk, Pk) be measure spaces, k = 1,2. Let A : L^(pi) —> L^(p 2 ) 
be a linear operator that satisfies A(L^(pi)) C L^(p 2 ). If 1 < p < q < oo, then 

\\ A \\h = W A \\f,r 

The proof is based on the following lemmas. 


Lemma 3.2 Let (A", A"®, || • ||x) and (Y, Yr, || • ||y) be normed complexified spaces. Let 
A : X — > Y be a linear operator that satisfies A(X K ) C 1 R . Suppose that the following 
condition holds: For any xEX, y&Y with ||x||x = ||?/||y = 1 there exists a f>E [0, 27t] 
such that ||J?(e l ^x)||x < ||3?(e^r/)||y. Then ||v4||® y = ||A||^y. 

Proof: The case A = 0 is trivial. Let x G A" and suppose Ax 0. By assumption, 
there exists </>€ [0 , 27t] such that 





< 


x 




j<t>_ 


Ax 


WMy 


Y 


(5) 


Let x :=!ft(e l Ac) e X R . The condition A(Ar) C Y r yields that Tt^e^Ax) = Ax. Hence, 
it follows from (0) that ||Ar||y/||x||x < ||Ax||y/||x||x- Thus ||H||^ y < ||A||yy. □ 


Lemma 3.3 Let (A, X K , ||-||x) be a normed complexified space. Suppose that ||JLc||x < 
||x||x for allxEX. Then for any x e X the map f> i—>• ||9?(e*Ac)||x, is continuous. 
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Proof: This follows from the inequalities 


\me^x)\\ x -me^x)\\ x \ < m(e^-e^)x)\\ x < \\(e^-e^)x\\ x = |e^-e^| ||x|U, 
which hold for all 0, 0 O £ R □ 


Lemma 3.4 Let 1 < p < q < oo. Then for any with ||x|| p = 1, 





-2?r 


COS 0| 9 d(j). 


( 6 ) 


Equality holds if p = q. 

Proof: First note that x{t)) = cos(0j;(t)+0)|x(i)|, where (p x is the phase function 
defined in Section [21 Since q < p, the function 0 < f i—► f q ^ p is convex, and due to 
another assumption of the Lemma, f Q \x(t)\ p d/it = 1. Hence, by Jensen’s inequality as 
given in Lemma 12.31 for all 0GR, 

\\iR(e l(l> x)\\ q p = fJ \cos(cp x (t) + (p)\ p \x(t)\ p d/a^J 

< f I cos(0 x (t) + (j))\ g \x(t)\ p dfi t . (7) 

Jn 

Combined with Fubini’s Theorem, this yields 


-2?r 


||S(A)||< 


CL 

-2?r 



cos (<p x (t) + 0 )\ q | x(t) \ p d/i t dtp 


cos (4> x (t) + 0) | q \x(t)\ p d(pdfi t 


n Jo 


f2ir 


cos(0 x (t) + <p)\ q d<p) \x(t)\ p dfi 


'n \J o 

f*27T 

| cos(0)|' 3 dcp ) \x(t)\ p dfi t 

'n \J o 

f‘2n 

I | cos(0) | q dip. 

'0 


( 8 ) 


If p — q, then equality holds in © and in 


□ 


For the record, we next give an alternative proof of Lemma 13.41 for the finite¬ 
dimensional case. It uses the Holder norm 

/ \p/q 

I/I : =(/ |/W| ,/P #j , /eC([0, 2 tt],K). 

Proof of the finite-dimensional version of Lemma 13. 41 Write the components 
of the vector x G C n in the form Xt = e l,pt \xt\, <pt G [0, 27t], t = 1,... ,n. Then the 
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tth component of the vector 3?(e l< ^x) is |x*| cos(0 t + 0). Let ft{4>) \%t\ p |cos(0t + 0)| p . 

Then 


Thus 


f 27 r \ p/q 

n»(A)ii m 


r2ir 


\h\ = / l/iWI ,/p # 


p/q 


(•2-ir \p/q 

\x t \ q |cos(0t + 0)| 9 d0j 

/ /* 27 r \ p/g 

|x t | P ( / |cos(0)| 9 d0 


-2tt 


M 

(Etiii^r i c ° s (^+ m q/p w 


p/q 


= II E”=i M 
< ELU \M 


»2t r 


IMl£( / |cos(0)| 9 d0 


p/g 


(9) 


Thus 


r-27r 


P(A)|| 9 d0< ||x| 


If p = q, then equality holds in m and m- 


r2ir 


cos(0) | 9 d(j). 


( 10 ) 

□ 


We are now in a position to prove Theorem 13.1 1 for q < oo. 

Proof of Theorem 13.11 for q < oo: Let 1 < p < q < oo. Let x G L^(p), y G Lf(p) 
with ||x|| p = ||j/|| g = 1. Since the inequality ||9R(z)||p < |z||p holds for all zEL^(p) and 
all pG [1, oo], the function 0 i—> ||3fJ(e^g/)|| 9 — ||3ft(e* ?i a;)|| 9 is continuous by Lemma 13.31 
It follows from Lemma eh that 

r27T 

/ (l|Sf(e i *y)||;-||»(A)||«)# > 0. 

Jo 

Hence, the integrand is nonnegative for at least one 0o € [0,27r]. Thus ||!J?(e^ 0 p)|| (? > 
||3fJ(e®^°x)||p. Now. Lemma 13.21 yields the result. □ 


For q — oo, the statement of Theorem rm is covered by the following more general 
result. 

Theorem 3.5 Let be a measure space. Let (A", A"®, || • ||x) be a normed com¬ 

plexified space. Suppose that ||9fcc||x < ||x||y for all xEX. Let A : A" —>■ L^,(/x) be a 
linear operator that satisfies H(X R ) C L® (/x). Then ||A||® i00 = ||^4||x,oo- 

For the proof we need yet another lemma. 

Lemma 3.6 Let s6L“(/i). Then there is a0oG[O,27r] with ||9ft(e , ^ 0 a;)|| oo = H^Hoo. 
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Proof: By Lemma 13.31 the function 0 t—> ||K(e* <?! ’a;)|| OC) , 0 G [0,27r], is continu¬ 

ous. It therefore attains its maximum. Hence it is enough to show that to each 
0 < c < 1 there corresponds a 0 C G [0, 27 t] such that ||3?(e*^ c a;)|| 00 > cHxll^. Let 
M := { t G 0 | |x(f)| > \fc !|x||oo }• Note that n(M) > 0, since yfc < 1. Choose an 
integer n > 1 such that cos(0) > \fc for all 0gM with \6\ < Since M is the union 
of the sets 


M e 


teM 


I Ut) - —i\ < -}, 

n n J 


£ = 1,..., n — 1, 


we have that /i(A70 > 0 for at least one £ =: £ 0 . Let 0 C = ——£ 0 - Then for any t G Me 0 , 
we have cos (0*(t) + 0 C ) > a/c, and hence 


lk{e l ^ c x{t)) = cos (4> x (t) + 0 C ) \x(t)\ > c\\x 


This yields ||3?(e^ c x)|| 0O > c||x 


□ 


Proof of Theorem l3.5t Let rGX, j/Gh^(/i) with ||x||x = |||/||oo = 1- Bv Lemma 13.61 
there is a 0o with ||9?(e^ 0 2/)|| oo = 1. Furthermore, we have ||!ft(e^ 0 x)||x < ||e^ 0 x||x = 1. 
Thus ||3?(e* <i!>0 x)|| oo < ||3?(e* <?! ’ 0 |/)|| oo . Now, the Theorem follows from Lemma 13.21 □ 


Theorem m can be proved more directly in a finite-dimensional case. Then the 
norm on the target space, say C m , is nothing but a weighted maximum norm, i.e., a 
norm of the form 

I \y\\w = ma x(wj \yj \), 

where w = [wi...w m ] T > 0 is a positive vector of weights. The source space C n , 
however, does not have to be equipped with a Holder norm but, more generally, with 
any absolute norm, i.e., a norm that satisfies 


||x|| = || |x| || for all x G C n . 

A n absolute vector norm is necessarily monotonic [T]: if 0 < x < y componentwise, 
then ||x|| < ||?/||. Holder norms are obviously absolute. 


Proposition 3.7 Let || • || Q be an absolute norm on C n and let || • ||^ be a weighted 
maximum norm on C m . Then ||A||® W = ||A||^ W for every A = [ ajk} Gl mx ". 


Proof: Let xGC" and jGm be such that ||Ax||„, 


Wj 


'Yhk&n a jk x k 


. Set 


x k : = 


| x k | j Q'jk — 0 

— |xfc| otherwise. 


Then we have for the vector 


and ||Ax||„, 


> Wj 


E jem a jk x k 


x = [xi . ..i n ]' G M” that ||x|| a = || |x| || a = ||x|| Q 
= w jJ2k&n\ a jkXk\ > ||Ax||„. Thus ||Ax||„,/||x|| a > 







Recall that the dual norm || ■ ||„ associated with a given norm [| ■ || a on C n is defined 
by 


llall^ = max j—for a G C n . (11) 

xeo\{o} ||x|| Q 

By specializing Proposition Id.71 to the case m = 1, we obtain the following well-known 
fact [JJ. 

Corollary 3.8 Let || ■ || q, be an absolute norm on C n . If a EM. n , then the maximum in 
m is attained for a real vector x. 

The next result is a variant of Theorem rm for inner product spaces. 

Theorem 3.9 Let (A, X®, || ■ ||_y)> (A, Ar, || • ||y) be normed complexified space with 

IMIx = + (^sx, Ssx) forxGA, 

IMIy = (Kx, 3hr) + (%, %) for yeY, 

where (•, ■) and (•, •) are inner products on on A 7 "® and 1® respectively. Then ||A||® Y = 
\\M%y for any linear operator A : X —► Y satisfying A(Ar) C Ar. 

Proof: A straightforward computation yields that for any xEX, 

/•27T / /•27T 

J ||9£(e l< ^r)||;^ dcf> = (J cos 2 {<f>)d<f 

The same relation holds for yEY and || • ||y. Thus, if ||x||x = ||?/||y = 1, 

/»27T 

/ (|i»GMii?.-||S(A)ll 2 v)# = o. 

Jo 

Hence, by continuity ||9ft(e*Ac)||x < ||9?(e ll? h/)||y for some </> G [0, 27 t], and Lemma IB.2I 
applies. □ 



We close the section by showing that the real and complex norms of a nonnegative 
linear operator coincide whenever the source A" and the target Y are complexified 
function spaces where || • \\x is absolute and || • ||y is absolute and monotonic. This means 
that Ar and Yr are spaces of real-valued functions and, for each x G X (y G Y), the 
absolute value function |x| := a / (5Lc) 2 + (Ax) 2 (|y| := a/ (9fa/) 2 + (Ar/) 2 ) is an element 
of the space Ar (Ar) and ||x||.y = || M |U (||?/||y = || \y\ ||y)- Moreover, if f, g G Ar 
and 0 < / < g pointwise, then |/||y < ||p||y. An operator from A to Y is nonnegative 
if it is real and it maps nonnegative functions from Ar to nonnegative functions from 
Ar. 

Theorem 3.10 Let (A, Ar, || • ||x) and (A, Yr, || ■ ||y) be complexified function spaces, 
let || ■ ||jv be absolute and || ■ ||y be absolute and monotonic, and let A : A —► A be a 
nonnegative linear operator. Then ||A||^ Y = ||A||® y . 

Proof: First note that the absolute value function is defined by the property 
|/| = inf {<7 > 0 : g > $t(zf) whenever z G C, |z| = 1}. 
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Also observe that A, being a real operator, commutes with taking the real value of a 
function. Since A is nonnegative nad linear, Af > Ag whenever / > g, hence 


&(zAf) = AM(zf) < A\f\ whenever zfC, |z| = 1. 


This implies that \Af\ < A\f\. By the absoluteness and monotonicity of || ■ ||y, we have 
\\Af\\ Y = || \Af\ ||y < || A\f \ 11y, whereas \\f\\ x = || |/| \\x since || • ||* is absolute. The 
function / G X was arbitrary, so the norm ||A|| is in fact equal to 


sup 

0 ^f&x R , f=\f\ 


\\Af\W 

\\f\\x 


and therefore to ||A||® y 


□ 


Alternatively, in the hnite-dimensional case, the equality of real and complex norms 
can be seen as follows. We denote by |A| the matrix of absolute values of A G<C mX ”. 

Proposition 3.11 Let || • || Q7 || ■ be absolute norms on C n and C m respectively. Then 
PC < II M IIJjS forallAzC"*". 

Proof: The monotonicity property of absolute norms yields that for any xeC", 

\\ A A\p = 

< 

< 

The result follows. □ 


Corollary 3.12 If a matrix A e M mxn i s elementwise nonnegative and the underlying 
norms || ■ || Q on C n and || • on C m are absolute, then ||A||q ^ = ||A||® *. 


\Ax\ 11/3 
\ A \ M 11/3 
14 ll«,/3 II I: 

14 Wifi II* 


4 Cases of inequality \\A\\x Y > ll^llvr 

We now show that the main result, Theorem o is sharp already in the finite¬ 
dimensional case. In other words, for any p > q > 1, there exists a real matrix A 
such that 

PC > pc 

We begin with the case p > q, q < 2. 

Proposition 4.1 Let p > q, q < 2, and let 

"1 1 O' 

1 -1 0 

A . = 0 1 1 

o i -i • 

1 0 1 

. 1 0 - 1 . 

Then ||A||£ g > ||A||^. 
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Proof: First let us show that the value of the real (p, g)-norm of the matrix A is not 
attained at the vector with just one nonzero component. Due to the symmetry of the 
entries of A, it is enough to argue about the first unit vector v :=[1, 0, 0]'. Consider its 
small real perturbation v(e) :=[1,£, 0] r and compare corresponding ratios of norms: 

4 

4 + 2e q — A-e p + q(q — l)e 2 + o(e 2 ). 

V 

The latter expression is strictly greater than 4 for small s, since 2e q is then the smallest 
order term. Thus, the real (p, g)-norm of A is attained at a vector with at least two 
nonzero components, say u min :—[x,y,z]'. Again, due to the form of the matrix A, the 
components can be assumed to be all nonnegative and ordered so that x > y > z > 0, 

y > o. 

Now, consider the vector w : = [ix, y, z]'. Since the function f(x) := x q ^ 2 is strictly 
concave on the nonnegative real axis, we have 

(x 2 + y y /2 > 

(x 2 +z 2 )t/ 2 > 

hence ||Au min ||^ < ||Aw||^, whereas ||u m m||p = ||w|| p . Hence, the complex (p, g)-norm 
of A is strictly bigger than its real norm. □ 


\\M\ q q 

\\v\\p 

ll^(e)||« 

WvtF.m 


The case p > q > 2 reduces to the case we just considered due to duality. We state 
this formally as a lemma. 

Lemma 4.2 Suppose that a real matrix A satisfies ||A||p > ||A||® g . Then its transpose 
A! satisfies ||A'||^y > ||A'||®, p ,, where p' :—p/(p — 1), q' -=q/(q — 1). 

Proof: Follows directly from the fact 

PIIL = P'll'y, 

which holds for both F = R and F = C. □ 


Since p' <2 whenever p > 2, this observation enables us to produce counterexam¬ 
ples for the case p > q > 2 out of couterexamples for the previous case. 


Corollary 4.3 Let p > q > 2, and let 


A:= 


1 11 10 0 

1-10 01 1 
0 0 1 - 11-1 


Then ||.4||', > P||«„. 

This finishes our proof that the condition p < q in the main theorem of this paper 
cannot be relaxed. 
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5 Norm extensions 


In this section we provide a class of norm extensions from a real vector space to its 
complexification which preserve operator norms. 

Let v be a norm on C([0, 27 t], R), the set of continuous real valued functions on the 
interval [0, 27 t], Then v is said to be monotone if 0 < f(t ) < g{t) for all t G [0, 27t] implies 
that z/(/) < v(g). The norm v is called shift-invariant if for all 0 G R, z/(/) = 
where /^(0) := /((0 + 0) mod27r). For instance, the L p -norms are monotone and shift- 
invariant. 

Let X R be a vector space over R endowed with a norm || • ||x R - Let X be the 
algebraic complexification of Xr. It is then easily seen that for any iGX the function 
0 i—> ||||, 0G [0, 27 t], is continuous. We denote these functions by ||K(e*+)||x M - 
Let v be a monotone and shift-invariant norm on C([0, 27r],R). For xEX define 

IklU :=^(P(e l +)||x M ). (12) 

Proposition 5.1 The function || • ||x : X" —*■ R is a norm on X. Suppose v is normal¬ 
ized so that z/( |cos(-)| ) = 1. Then ||x||_y = ||x||x R for all xgXr. In other words || • ||x 
is an extension of || ■ ||x R - 

Proof: The triangle inequality for || • \\x follows from the triangle inequality for || ■ ||x H 
and the monotonicity of v. The identity ||Ax||y- = |A| ||x||x for all AgC is a consquence 
of the shift invariance of v. The rest is obvious. □ 


In the proposition below 1® is a second vector space over R endowed with a norm || ■ ||y M 
and complexification Y. The norm || ■ ||y is defined by the same u, i.e. 

\\y\\ Y :=o(me'y)\\Y R ) (13) 


Proposition 5.2 Let the norms on X, Y be defined as in M2 1) . MSI) . where v is mono¬ 
tone and shift-invariant. Then ||^4||xi' = U\\l Y for all linear maps A : X —> Y 
satisfying H(Xr) C Y R . 


Proof: We have, 

||Ar||y = z/(p(e l 'Ax)||y R ) 

= z/(||Abft(e l 'x)||y R ) 

< KII^IIV 11^)11^) 

= \\A\\% Y um^x)\\ Xm ) 

II A l|K II ^11 
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Postscriptum 

After this paper was complete, the authors were informed by Lech Maligranda that 
the main results of this paper had been published in j3J and p£i . 
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